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Fred's introductory note: This is a summary of some basic principles of dynamics I learned and 

redacted from my brother, Ralph (Abraham & Shaw, 1982-88; 1987; 1992), updated with some 

of my own selection of additional graphics gleaned from various sources, especially from the 

worldwide web where great graphics and interactive applets abound for those wishing to 

venture further. I have asked his editorial participatory supervision for this latest redactive 

effort in order to minimize any errors or distortions. 

1 The Dynamical System 
 

A dynamical system is, loosely speaking, a set of variables interacting over time. The changes in 

these variables, their time series, can exhibit various patterns of behavior. If there are 

reasonable regularities and smoothness in these patterns, they can be represented by graphic 

methods and mathematical notation. If the equations describing the changes over timeτ

ǳǎǳŀƭƭȅ ƻǊŘƛƴŀǊȅ ŘƛŦŦŜǊŜƴǘƛŀƭ Ŝǉǳŀǘƛƻƴǎ όh59Ωǎύ ŦƻǊ ǘƘŜ Ŏontinuous case, or difference equations 

for the discrete caseτcontain nonlinear elements, these empower the ability of such nonlinear 

models to describe not only point and cyclic activity asymptotically but are necessary for the 

production of ΨŘŜǘŜǊƳƛƴƛǎǘƛŎ ŎƘŀƻǘƛŎΩ ŀŎǘƛǾƛǘȅτ  or τ as well, and also chaos chaotic attractors

are necessary for the production of dramatic shifts in the temporal patterns generated by the 

systemsτbifurcations. Question: Do you see how there could be similarities and differences 

between continuous and discrete systems? 

2 The Vectorfield  
 

Dynamics is usually used to describe change over time. For every point in some state space, a 

vector describes the tendency to change at that point, specifying the direction and the rate of 

change. The collection of these vectors is called the Vectorfield. The state space may use 

physical variables, such as meters or volts, or that of some non-physical variables, such as 
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sweetness or population density. Here are some examples. On curved spaces, the vectors are 

tangents to the surface or curve. The  may be represented by the vector notation of Vectorfield

vector calculus, or graphically, (Figure 1). Question: how might you represent the field when 

there are more than three variables in the system? 

  
 

Figure 1a. Two-dimensional 
Vectorfield in a planar state 
space.1 

Figure 1b. Two-dimensional 
Vectorfield on a spherical state 
space.1 

Figure 1c. Three-
Dimensional Vectorfield 
for the Couette Stirrer.2 

 

The space is usually called the state space, and at any given point in time the system is in a 

state represented by its vector in the state space. The Vectorfield can often be represented by 

a vector function which is continuous if the field is continuously differentiable, that is smooth 

and orderly, like these 

 

Additional Resources 

http://www.falstad.com/vector/ Terrific interactive applets of 2D and 3D motion. 

http://mathworld.wolfram.com/VectorField.html Article plus links to 4 demonstrations; 

needs Mathematica Player 7 (easy download) for the interactive demonstration projects.  

http://tutorial.math.lamar.edu/Classes/CalcIII/VectorFields.aspx tŀǳƭ 5ŀǿƪƛƴǎΩ Ŏƭŀǎǎ ƴƻǘŜǎ 

 

                                                      
1
 http:/en.wikipedia.org/wiki/Vector_field  As modified on 16 November 2009 at 01:15.  

2
 Abraham & Shaw, 1988, p. 30 & 1992, p. p72.) 

http://www.falstad.com/vector/
http://mathworld.wolfram.com/VectorField.html
http://tutorial.math.lamar.edu/Classes/CalcIII/VectorFields.aspx
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3 Trajectories  
 

A system generates time series of the variables of the system. These can be represented in the 

usual fashion, as a function of time, or collapsed over time, in which case the trajectories can 

be visualized in the state space with time and vector coding from a variety of methods (see 

Mathworld demonstrations in the Additional Resources Box above). You can think of a system 

being at a particular state, a point in state space, where it obeys a particular vector, which 

moves it to its next state, where another vector moves it along, iterating for as many steps as 

ȅƻǳ ǿƛǎƘΣ ŀ ǇǊƻŎŜǎǎ ŎŀƭƭŜŘ ƛƴǘŜƎǊŀǘƛƻƴ όƻŦ ǘƘŜ h59Ωǎύ ƛƴ ŎŀƭŎǳƭǳǎΦ IŜǊŜ ŀǊŜ ǎƻƳŜ trajectories 

superimposed on their Vectorfields (Figure 2).3 

 
Figure 2. Two-Dimensional Portraits. From the left: Trajectories converge to 
a point attractor with negligible spiraling. The rate of travel toward the point 
is expressed in a real component of the vectors, and the rate of spiraling is in 
the imaginary component. Next to it is a similar convergence to a point, with 
generous spiraling. Next is a point repellor with trajectories showing a fair 
amount of spiraling? On the far right is a saddle point, with some 
trajectories approaching and some departing. The inset forms a separatrix 
between two  of attraction. basins

 

Note 1. One may code the velocity of trajectories through the use of codes superimposed on 

them, such as the use of tick marks spaced at equal time intervals or by color. Question: Can 

you draw a trajectory and indicate with tick marks where it is moving faster and where it is 

moving slower?  

Note 2. Since trajectories are evolving in time, they constitute time series, and may be plotted 

as such, that is, as a function of time as well as in the state space representation. The same 

holds true for the vectorfield, though that is not as commonly done. Question: Can you draw a 

trajectory both in a state space and as a time series for a periodic attractor? 

 

                                                      
3
 http://en.wikipedia.org/wiki/Dynamical_systems Retrieved 21 November 2009. 

 

http://en.wikipedia.org/wiki/Dynamical_systems
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4 Basic Attractors  
 

Trajectories may tend to some basic patterns, which are called attractors. Some of the most 

basic types are fixed point (Figure 2, left two panels), periodic (cyclic), toroidal (with irrational 

winding ratio, otherwise they would be periodic!), and chaotic, from close to cyclic (e.g., the 

Rössler Attractor) to nearly random. 

 

Figure 3. Attractors for Prey-Predator Models 
(axes: density of each species). 
 
Left: Cyclic Attractor with point Repellor (top), 
and Fixed-Point Attractor (bottom)4.  
 
Below: Chaotic Attractor for Prey-Predator 
with Two Habitats.5  

 
 

 

5 Basic Features Revealed in the Portrait:  

Attractors, Repellors, Saddles, Insets, Outsets, Basins, Separat r ices 
 

The dissipative Euler Buckling column can illustrate many of these features. Imagine a plastic 

column or membrane compressed on the ends or edges that is set to vibrating in a plane and 

                                                      
4
 Lotka, 1956, cover. 

5
 Schwinning at Schaffer's web site. 
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comes to rest to one side or the other of the center of the axis or plane of vibration. A typical 

state space, as for many similar phenomena such as the swing of the pendulum, is comprised of 

the position versus the first derivative of the position, the velocity. Such a portrait is shown in 

Figure 4. 

 

 
Figure 4. The Dissipative Euler Buckling Column6. There are two focal point attractors, each 
with its own basin of attraction, in which all trajectories spiral in to the fixed point attractor. 
There is a saddle point in between. The trajectories approaching the saddle point each form a 
separatrix, a boundary between the basins. Note the similarity of the central part of this 
portrait to that of panel 4 of Figure 2. This model has been used in civil engineering (bridges, 
buildings, such as the collapse of the twin towers, NYC, 1991, aeronautics, and presumably 
economical, and various psychological and social applications. Its first application in psychology 
was by Guastello (1985). I see it in action on the ski slopes. No not the skis, but rather my body. 
Lactic acid is the control parameter, forcing the trajectories toward focal point attractors to one 
side or the other of the ski trail. Question: Can you imagine a psychological or social 
phenomenon that displays similar behavior?  
 

                                                      
6
 Figure 2.2.6, p. 70, from Abraham & Shaw, 1982. 
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Historical Note. On September 14th, 1953, N.J. Hoff delivered the Wilbur Wright Lecture on 
Buckling and stability to the Royal Aeronautical Society and the Institute of the Aeronautical 
Sciences (The Wright brothers received the first Gold Medal of the RAS in 1909), which included 
άan analysis of the dynamics of the motion of a column during the buckling process in a normal 
column-ǘŜǎǘΣ ōŜƎƛƴƴƛƴƎ ǿƛǘƘ ǘƘŜ Ŝǉǳŀǘƛƻƴǎ ƻŦ Ƴƻǘƛƻƴ ƻŦ ŀ ǇŜǊŦŜŎǘƭȅ ŜƭŀǎǘƛŎ ŎƻƭǳƳƴΦέ ŀƴŘ ŀ 
ŘȅƴŀƳƛŎ ǘƘŜƻǊȅ ŦƻǊ ǎƘƻǊǘ ŎƻƭǳƳƴǎΦ !ƭǎƻ ŀ ŘƛǎŎǳǎǎƛƻƴ ƻŦ άǘƘŜ ǊŜƭŀǘƛƻƴ ōŜǘǿŜŜƴ ǘƘŜ ǎǘŀtic and 
dynamic criteria of stability. . .tƘŀǎŜ ŘƛŀƎǊŀƳǎ ǿŜǊŜ ǘƘŜƴ ǎƘƻǿƴ Φ Φ Φέ όFlight, 1953.)  
 

 

6 Response Diagrams 
 

We have established that a given dynamical model or system may provide different patterns, 

portraits, system behaviors, from the interaction of its variables over time, and that the 

differences in those patterns, while produced from the same mathematical equations, are due 

to different values of the system's parameters. This property of being able to summarize 

different system behaviors with one set of equations is one of the great offerings of dynamicsτ

parsimony. Besides depicting the behavior of the system as portraits in state space, we can also 

map the territory occupied by each type of portrait in parameter space. There are many ways 

one might choose to do this. Here is one of the simplest for one of the most used and abused 

objects in dynamics, the cusp catastrophe (Figure 5). The familiar figure for the logistic equation 

is another example. Question: Can you draw, either by calculating and sketching by hand, by 

using a hand calculator, or by using a spreadsheet on a computer, the response diagram for the 

logistic equation (the equation is x(n+1) Ґ ˂xn(1-xn), 0<xoғмΣ лғ˂ғпύΚ 

 



Intro to Dynamics Page 7 
 

 
Figure 5. The Cusp Catastrophe7. The state space is one-dimensional, a single variable. The 
parameter space is two-dimensional. They are usually represented in their joint space as in the 
upper part of the figure. This is the 3D response diagram of the system. A state space for one 
point in the parameter space is shown. Its portraits consist of the all the trajectories that move 
toward each of the point attractors (solid dots) depending on which side of the repellor (open 
dot) is their initial state. The folded blanket part of the surface shows the loci of the attractors 
(solid dots) for each point in the parameter space (upper and lower layers in the folded part, 
and the loci of the repellors (middle layer). Outside the area of the fold, there is only one point 
attractor, and no repellor. The projection to the bottom of the figure shows the response 
diagram in the 2D parameter space, with the triangular area being the area where the system 
has two attractors and one repellor, and the space outside showing the area where there is 
only one attractor. Question: Can you see how these features generate the hysteresis effect 
from systematically changing the parameters? Hint: As one decreases the parameter from right 
to left, when entering the area of the fold, in which basin of attraction is it? And increasing the 
control parameter from left to right, in which basin is it after the bifurcation from one to two 
point attractors? 

                                                      
7
 Figure from Abraham & Shaw, 1987, p. 583, with kind 
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7 Bifurcations  
 

A bifurcation is said to occur when there is a significant change in the portrait as some 

parameter changes and passes through a threshold called the . For the cusp bifurcation point

shown above, the loci of the bifurcation points are given by the line outlining the tent-like area 

in the parameter space (the lower part of Figure 5). As the parameters move into or out of this 

area, a fold bifurcation occurs. The cusp thus is sometimes called a double fold. The diagram 

thus can also be called a bifurcation diagram or map. 

If you did the exercise for the logistic map, you probably discovered that the response diagram 

reveals a sequence of bifurcations, the bifurcation sequence, for that equation. Exercise: try 

ǊǳƴƴƛƴƎ ǘƘŜ ǎŜǉǳŜƴŎŜ ƎƻƛƴƎ ŦǊƻƳ ˂ Ґ-2 to 4. You can check your result at 

http://www.hevanet.com/bradc/MiscMathStuff.htm where there also is a very complex and 

ŎƻƭƻǊŦǳƭ ƳŀǇ ŦƻǊ ǿƘŜƴ ˂ ƛǎ ŎƻƳǇƭŜȄτFigure 6). The cusp and the logistic are iconic fetishes of 

the dynamics community, from which we learn much, but the applications tend to the trivial in 

practice. 

 

http://www.hevanet.com/bradc/MiscMathStuff.htmlwhere
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CƛƎǳǊŜ сΦ .ƛŦǳǊŎŀǘƛƻƴ 5ƛŀƎǊŀƳ ŦƻǊ ǘƘŜ [ƻƎƛǎǘƛŎ 9ǉǳŀǘƛƻƴ ǿƛǘƘ /ƻƳǇƭŜȄ ˂8. This is how fractals 
are plotted in a complex 3D space. Exercise: Can you find the traditional logistic bifurcation 
diagram within this diagram? Hint: On the vertical real plane.  

 

8 Characteristic Properties in Portraits  
 

Properties of limit sets and their insets and outsets can be established, such as the rate of 

approach and departure of trajectories from limit points and cycles. We give only a few here to 

establish the basic ideas, but the subject should be explored more fully for limit points and 

cycles in one, two, and three dimensions in Abraham & Shaw, Parts 2 & 3, which should also be 

consulted for generic properties relating to stability and Peixoto's theorem relevant to the next 

section. 

 

                                                      
8
 Chalfan, 2002. 
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Figure 7. (aka ) and Indices for Typical Limit Points in Characteristic Exponents eigenvalues

9. The characteristic exponent (CE) of a critical point is a complex Two-dimensional State Spaces
number whose real component represents the rate of approach and departure of the 
trajectories, while the imaginary component represents the rate of rotation of the trajectories. 
These points are hyperbolic, that is, the real component is not equal to 0. The index is the 
dimension of the outset of a critical point.  

                                                      
9
 . Figures 6.4.8, p. 227 & 111.1.1, p. 351, Abraham & Shaw, 1992; similar to Part II, Figure 1.4.8, p. 25. and Part III, 

Figure 2.1.1, p. 21. 


